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1. INTRODUCTION

Problems involving mathematical models often arise in various scientific disciplines such as in Physics,
Chemistry, Economics, or in engineering problems given in the form of first-order or second-order differential
equations [1]-[6]. Often these mathematical models appear in non-ideal or complicated forms [7]-[9]. These
complicated mathematical models sometimes cannot be solved by standard analytical methods to obtain the exact
solution [10]-[12]. If the analytical method can no longer be applied, then the actual solution to the problem can
still be found using numerical calculations used to formulate mathematical problems so that they can be solved
with ordinary arithmetic or calculation operations.

Several one-step numerical calculations that are often used to solve ordinary differential equations
(ODEs) such as Euler, Heun, Taylor, and Runge-Kutta are some examples of methods that are classified as
numerical methods. The Runge-Kutta method is known as a method that has better accuracy compared to the three
methods.
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The Runge-Kutta method is another alternative to the Taylor method that does not require derivative
calculations [13]-[15]. This method attempts to obtain a high degree of accuracy and at the same time avoids the
need to find higher derivatives by evaluating the function f(x,y) at selected points in each interval.

In general, the form of the Runge-Kutta method is written as follows:

yi+1 = yl+ a1k1+a2k2 +"'+ankn ...(1)
while the fourth order Runge-Kutta method is:
Vier = Vi + = (kg + 2k + 2ks + ky) (2

Several modifications have been made to the fourth-order Runge-Kutta method. Based on its general
form, the fourth-order Runge-Kutta method can be modified based on the Arithmetic mean as follows:

h (k1+k2

ko+k k3+k
Yier = Vi3 + ity fatls) .03)

2 2 2

In addition to using the Arithmetic Mean, a modification of the 4th Order Runge-Kutta method based on
the Geometric Mean has been carried out by Evans [16], and obtained:

Yier = i+ 5 (ks + ks + \Jksky) .(4)
with ki=f0,y:)

k, =f(xi +% Y +%k1)

ks = £ (x4 2+ £ (<hey + 9K))

ko= f (x4 23+ 25 (=3 + 5k, + 221)

Furthermore, Sanugi and Evans [17] carried out a fourth-order Runge-Kutta modification based on the
Harmonic mean,

_ o 2h (ks | koks | ksks
yi+1 - yl + 3 (k1+k2 + ko+ks3 + k3+k4) .”(5)
with kg = f(x,y1)
h h

ks =f(xi +§ Vi +§(—k1+ 5k2))

ky = f(xi +§ Vi +%(—5k1 + 7k, + 18k3))

Ababneh and Rozita [18] introduced a modification of the third-order Runge Kutta method based on the
average Contra Harmonic for differential equation problems, which is given by:

1k2+k% 3 k3+k3
L= '+h[—1 2 4222758 3] ...(6
Yivr = Vi 4kitky 4 kptks (6)

with — ky = f(x, 9
ky=f(xi+h2,y+ h2ky)

ks =f(xi+ hm(3+V2),yi + hom (3 +V2)ky)
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k= FQt+2 5 +2(=5ky + Tk, + 18ky))

The Runge-Kutta method is one of the most widely used numerical methods in solving initial value
problems in ordinary differential equations (ODEs) [19]-[21]. Among the various variants of this method, the
fourth-order Runge-Kutta method (RK4) is widely known for its balance between accuracy and computational
efficiency [22]-[24]. Various studies have been conducted to modify and improve the RK4 method, both in terms
of mathematical approach, calculation efficiency, and numerical stability in dealing with stiff problems. However,
most of the modifications that have been carried out still use the arithmetic or harmonic mean approach in
formulating the stage coefficients. Studies on the use of other forms of averages, such as the contra harmonic
mean, are still relatively limited. In fact, the contra harmonic mean has unique characteristics that can contribute
to increasing the accuracy of estimating numerical solution values.

Previous studies, such as those conducted by Evans [16] and Sanugi & Evans [17], have proposed
modifications to the Runge-Kutta method with a harmonic mean approach, but have not examined the potential
application of the contra harmonic mean as a basis for modification. Meanwhile, Ababneh and Rozita [18] have
explored the application of the contra harmonic mean in third-order Runge-Kutta, but no study has specifically
modified the fourth-order Runge-Kutta method with this approach. This is the research gap that this study aims to
answer.

With the increasing complexity of mathematical models in various fields of science and engineering,
numerical methods are needed that can provide more accurate results without increasing significant computational
burden [25]-[27]. Therefore, it is important to explore new approaches in modifying numerical methods, especially
the fourth-order Runge-Kutta method, to improve the accuracy and efficiency in solving ODEs.

This study offers a novelty by modifying the fourth-order Runge-Kutta method using the contra harmonic
mean as the basis for calculating the stages. The results of numerical simulations show that this approach produces
better accuracy than the conventional RK4 method. This is a new contribution to the development of numerical
methods based on Runge-Kutta. The main objective of this study is to modify the fourth-order Runge-Kutta method
using the contra harmonic mean, and to evaluate the performance of the modified method through numerical
simulations on initial value problems. This study also aims to prove that the proposed modification provides
increased accuracy compared to the classical RK4 method.

Based on the research that has been carried out to modify the Runge-Kutta Method, the author is interested
in developing the modification made by Ababneh and Rozita [18] by applying the average Contra Harmonic to the
Runge-Kutta method of order 4 Kutta. Therefore, the formulation in this research is how to modify the Kutta
Fourth Order Runge-Kutta Method based on the average Contra Harmonic.

2. RESEARCH METHOD

This study discusses theoretically the modification of the Runge-Kutta method of order 4 Kutta.
Therefore, the study was conducted using a literature study method [28]-[30] that is useful for collecting data and
information needed from books, journals, and sources from the internet.

The writing begins by introducing the Runge-Kutta Method in general up to the nth order. Then this
general form will be specialized up to Order 4. In addition, the Contra Harmonic average will also be introduced.
After obtaining the general form of Runge-Kutta Order 4 and the Contra Harmonic average, the last step is to
modify the two general forms so that a new formula will be obtained. Described in the Flowchart in Figure 1.
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Figure 1. Flowchart for Compiling Final Assignments

3. RESULTS AND DISCUSSION
3.1. Modification of RK-4 Kutta Method Using Counter Harmonic Average

Several modifications of the Runge-Kutta Method have been produced, such as modifications based on
Arithmetic, Geometric, Harmonic, and even Counterharmonic averages as introduced by Ababneh to Runge-Kutta
Order 3 [31]-[33]. In this research, the author will prove the Modification of the Runge-Kutta Method Order 4
Kutta based on Counterharmonic Average. Take another look at the general form of Runge-Kutta Order 4 Kutta:

h
Yiz1 = Vi + g(k1 + 3k, + 3ks + ky) (7
Based on equation (7) a new formula can be formed which contains arithmetic elements as follows:

Yoo = vt (4 By P )

2 2 2 2
or
h (ki+k ko+k ko+k k3+k
Virr = i+ (g Rt gl ot (8
Equation (8) is known as the 4th Order Runge-Kutta based on the Arithmetic Mean. where the form
kitkiiq

is the Arithmetic mean for two variables. If the Arithmetic mean is squared and divided by the Arithmetic
mean itself, the 4th Order Runge-Kutta equation will be formed as follows:

2,12 12,52 2.2 2,52

ki+k5 k5+k3 k5+k3  k3+k

1 Z+2 3+2 3+3 4
2

_ h 2 2 2 2
Yiser = Vi t P Kitks ka+kz  K3+ks
T2 ot ot

can be simplified to

h

_ h (ki+k3 k2+kZ2 | K3+k2
yi+1 - yl + 4 (k1+k2 k2+k3 k3+k4) .“(9)
with
ky = f(y1) = hf
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ko = f(y1 + hqa1ky)

ks = f(y, + hqs k, + hqssk,)

ky = f(y1 + hqarky + hqaokz + hqusks) -(10)
ki

The form - is defined as the Counter Harmonic mean, so equation (9) is known as the modified

Kutta 4th Order Runge-Kutta method based on the Counter Harmonic mean.
Describe ki, kz, ks, and ks and into the form of a first-order Taylor series for the function of two variables
(11) so that equations (12), (13), (14), and (15) will be obtained.

Fey) = o[- ) 24+ 0 = 3) 2] Flrny) (1)

ki =f; (12)

ky = f(yi + qz1k4)
_ R o 2 B 3 .3
k2 - f + hq21ffy + 7q21f fyy + ?q21f f;zyy + o (13)
ks = f(y; + qsiks + q32k3)
ks = f +RAFf, + 12 (qudsf 7 + 5422 fyy ) +
1 (2031452 f f fyy + 4aAGsaf *fofyy + 2 A3 3y )+ (14)

k= f +hBffy + 2 (Qu@uf 7 + Aquaf 7 +3B*F7fyy ) +

51, 2 A7, 2 3, 1 s s
h ECIz1CI4zBf ffyy + das 7f fofyy + B(@21042 + Qu3A)f2 £y fyy + Q430320211 1 +gB f fyyy

‘e .(15)

In general, equations (12) - (15) will be substituted to obtain the function y;,; with parameters g1, gau,
Os2, Ca1, Qa2, and ga3. However, because there is a division of two series (Contra Harmonic average), direct
substitution cannot be done. Then cross multiplication will be carried out so that this problem will be reduced and
there is a form (k, + k,)(k, + k3) (ks + k4) , which can be written as follows:

numerator

Yit1 = Yi t --(16)

denominator

Next, compare equation (16) with the Taylor series, so that we obtain:

numerator

yit+ =y +T

t ™ denominator
or
numerator = T X denominator ...(17)
with
numerator = %(k% + k3 (kg + k3) (ks + ky) 4+ 2(k3 + k3)(ky + ky) (kg + kg) + (k2 + k) (ky + ko) (ks + ky)

denominator = (ky + ky)(ky + k3) (k3 + ky)

T=hf + 2 ffy + (P57 + 1) + (P oy + 4 fofyy + f£)
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Then substitute the values of ki, k, ks, and k4 obtained in equations (12), (13), (14), and (15) into equation
(17) and obtain:

h2f4fy : 3q21 +34+B=4

3 3 1 4
h3f5fyy : qul +5A2+EBZ=§

9 9 3 5 4
Rff qul + EAZ +B%+ ;AB +EQ21B +4G21A + 3q32021 t Ga2q21 + qazA —4A - 2B = 3

1 1 1 1
h*ffyyy ¢ 5@ +;A4°+-B% =+

9 9 5 5 1 1
h4f5fyfyy : qul +§A3 + B3 +2q5,A + 2q1, A* +ZQZ1BZ +§CI§1B +§(I§1CI42 +EQ43BZ

3 3 3
+B (442921 + qa3d) + ZAZB + ZABZ + EQ%1CI32 + 34219324 — 295, — 2A% — B?

4 4 2 4
g, —ta-ip=1
392173 3 3

5 5 3 3 5
h4f4fy3 t 3q3, + 3q21A% + 5‘1%13 + q21B% + 4q3,q3; + 5‘1%1‘742 5921932 75921942 + EQZ1Q43A

3 1 3
194219214 + 2q43AB + q21AB + 421932943 + 24219438 +5Q43A2 +A’B + ;ABZ + E‘Z%

4 2
SA—2B—qh

5 4
+EA3 — 4421932 — 2421942 — 2q43A — 39214 — AB — 2q,B — 392173

—A% = ..(18)
To make it easier to get the parameter values, a simplification is first carried out by taking the values:
2
A= 3 andB =1

then the following equation is obtained:

h2f4fy :3g1=1

3 1
thsfyy : qul =z

6

7 9 2 2
h3f4fy2 Pl qu1 + 3432921 + 42921 + 3943 =3

4r6 .1 3 _ 1
hffyyy 5421 = o

29

9 7 29 3 1 7
W fyy 5@+ 1595 +5 021 +5 031032 + 2021032 + 5051042 + Q21Gaz + a3

3 7 7 7 5 5 2
WY 8 S @3 4543 — 5 a2 + 4451052 + 5021052 5 031042 + G21Ga2 T G214z 3 Gaz

16
+q21932943 = ..(19)

Then substitute the value g1 = 1/3 into equation (19) to obtain the following new equation:

1 2 10
+ = + - =—
Q32 T 3442 T 3443 5
10

5 7 7
¢ 432 +EQ42 +EQ43 iy
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29 11 11 1 19

2t a2 T 5 qa33 032943 = --(20)

by solving the system of equations in (20), the values are obtained gq,; = % 431 = 15—8 - % y Q3p = % + % ,
_S, VB 19 VB _,Vn

quu=—75+75qu2 =7 p a”dq43—2‘|'6 .

The final step is to substitute all the parameter values that have been obtained into equation (10) and
obtain the following equation form:

ky = hf(y) = hf

ke = hf (v + k1)

ks =hf (v + (S +2) k- (Z+2)k,)

18 18 18 18

o (2D - (2D (D)) e

6 6

Equations (9) and (21) are known as the Fourth Order Runge-Kutta Method based on Contra Harmonic
Mean.

Example 1. Determine the approximation of the following differential equation:
y' = y with initial conditions y(0) = 1 and h = 0.1
And for comparison an exact solution is given y = e*

Solution:
The valuesk, k,, k5, dan k, will be determined first as follows:

ky = hf(0) =0.1

ky = y(0) + 5 hky

ky =1+%(1)

k, = 1.00333
_ 5 _ V73 7 V73
ks _Y(O)+(18 18)hk1+ (18+ 18)hk2

k; =1+ 0.086472

ks = 1.08647
ke =y + (Z+2) iy + (2 =) hbey + (2 +Z) bk
ky=1+0.00114

k, = 1.00114

Next, substitute the obtained values into the fourth-order Runge-Kutta general equation based on the
Contraharmonic average, and we get:

Vier = Vi +E(k%+k§ k3 +k3 k§+k§)
i+1 — A

4 \ky+k; ko+ks = kg+ky

Modification of the Fourth Order Runge Kutta Method Based on the Contra ...( Peshawa Mohammed Khudhur)



76 a ISSN: 3021-7857
or

y, = 1.10143

Meanwhile, the exact solution is y = e®! = 1.10517 so that by comparing the exact solution and the
approximate solution (RKCM Kautta) the error value will be E = 0.00374.

3.2. Errors in the Fourth Order Runge-Kutta Method Kutta based on the Contra Harmonic Average

To obtain the error in the Fourth Order Runge-Kutta Method Kutta based on the Counter Harmonic Mean,
the steps are the same as determining the previous RKCM formula derivation. By substituting the obtained
parameter values into equation (17) and expanding it to Order 5 (h%), the error for the RKCM method will be
obtained as follows:

17 11 1 2473 73 573
galatpcxen = B (35 fyfowy + 105 FF + (5= 50) Fo B fy + (5 = 2 ) 45 (22)

3.3. Numerical Simulation
The following is the solution of y’ = y with initial conditions y(0) = 1 and h = 0.01 for the exact
solution of y = e* on the interval [0,1] using the modified RK-4 Kutta method.

» RK-4 kutta modification method
e forh=0.01

ki = hy(0) = 0.01
ky = y(0) + 3 hk,

0.01

k2 =1 +T(1)
k, = 1.00003
5 V73 7 V73
ks = y(0) + (E‘E) hke, + (E+E) hk,

k; =1+ 0.086472

ky = 1.08647

-5 V73 19 73 -1, V73
k= y(0) + (Z+2) hky + (2= 2) bk, + (5422 ks
ky=1+0.00114

k, = 1.00114

k§+k§+ k3+k3 k§+k2)
kq+ky kat+ks k3t+ky

y) = y@ +5(
y(1) = 1.010006
e forh =002
k, = hy(0) = 0.02
k, = y(0) + ghk1
0.02

k, = 1.00013
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ks = y(0) + (15—8—%) hk, + (£+%) hk,

k; =1+0.01719

ks = 1.01719
-5 V73 19 73 -1, V73

k= y(0) + (242 hky + (2= 2) bk, + (5422 ks

k, =1—0.00283

k, = 0.99716

k2 +k2 kZ+k2 k§+k2)
kq+ky kot+ks k3t+ky

y() = y(0) +5(
y(1) = 1.020028
e forh=0.03
k, = hy(0) = 0.03
k, = y(0) + ghk1

0.03

k2 = 1 +T(1)
k, = 1.00030
5 73 7 73
ks = y(0) + (E‘E) hke, + (E*E) hk,

ks =1+ 0.02573

ks = 1.02573

ke =y + (Z+2) iy + (2 =) hey + (2 +Z) bk

k,=1-0.00367

k, = 0.99632

_ h (kE+k3 k3+k3 | kZ+k}
y@) = y(0)+ 4 (k1+k2 ko+ks k3+k4)
y(1) = 1.030072

Do the iteration process above continuously until the interval [0.1] with A = 0.01. Then the iteration
results can be shown in the plotting graph in Figure 2.
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78 a ISSN: 3021-7857

3.00000000
2.50000000
2.00000000

1.50000000
= #eksak
¢ &0 6000 = 1.00000000
v

0.50000000

0.00000000
0.01 1

X

Figure 2. Plotting graph for the case y' = y in the interval [0,1] and h = 0.01

Based on the results of the numerical calculations and by looking at the plotting graph of the calculation
results, it is clear that the approximate value using the RKKCM maodification method is more significant when
compared to the RK-4 Kutta method before it was modified.

Modification of the fourth-order Runge-Kutta (RK4) method with the contra harmonic average approach
provides a significant contribution in improving the accuracy of numerical solutions to initial value problems. This
new formulation considers the nature of the contra harmonic mean, which gives greater weight to larger values in
the data. This approach is mathematically more sensitive to large changes in the solution derivatives (slopes), so
it can capture sharper and more complex system dynamics compared to the usual arithmetic mean [34]-[36].

Numerical simulation results show that the modified method called RKKCM (Runge-Kutta Kutta Contra
Harmonic Mean) is able to produce solution values that are closer to the exact solution than the classical RK4
method. This shows that the use of the contra harmonic mean in compiling the RK stages provides advantages in
reducing local errors and increasing the stability of the method. In the context of numerical implementation, this
new formula remains efficient to apply because it does not require additional iterations or complex approaches
that burden computation.

Interestingly, even with only one type of average (contra harmonic), this method has provided a
significant performance improvement. This opens up a great opportunity for further exploration of other types of
averages that have not been widely used in the development of numerical methods, such as the geometric mean,
harmonic mean, and centroidal mean. Each has unique mathematical characteristics, thus potentially providing a
variety of performance in different differential problem contexts.

This research provides important implications for the development of numerical methods, especially in
solving ordinary differential equations [37]-[39]. Modification based on contra harmonic average can be adopted
as a new approach in academic and practical fields, especially for systems that require high accuracy in simulation
models such as in applied physics, system dynamics, to medical and environmental modeling [40], [41]. In
addition, this method also shows potential to be applied to other numerical methods such as the Adams-Bashforth
method or the predictor-corrector method.

This research is still limited to theoretical development and numerical simulation using contra harmonic
average without systematic comparison to other types of averages. In addition, the scope of application is also still
limited to basic case examples in the first-order ODEs system. Formal analysis of the stability of the method has
not been carried out, and there has been no testing on stiff systems or complex nonlinear systems.

For further research, it is suggested to explore the modification of RK4 using other averages such as
harmonic mean, geometric mean, and centroidal mean to see to what extent the type of average affects the accuracy
and stability of the method. In addition, it is also important to develop a theoretical stability analysis of the method,
as well as to conduct tests on various types of cases, including nonlinear and stiff differential systems.
Implementation in various programming languages and performance tests on computational time can also be
relevant development directions to support the practical application of this method.

4. CONCLUSION
The 4th Order Runge-Kutta method has the following general form:

h
Yisr1 = Vit g(/ﬁ + 3ky + 3k3 + k4)
After modifications were made using the Counterharmonic Average, a new form was obtained, namely:

_ h(k§+k§ k2 +k3 k§+k§)
Yier = Vi Ty itk kptks | kgtka
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with
ki = hf(3)
ko = hf (y:+2)

k3=tha+h(§—§§)

o (5-)

= (ke (54 7) (2 7)1 (-

-I3
w

and the truncation error is

)

11 1 2V73 73 5V73
galatrixen = h° (243 Foflywy + 1 f oy + (5 B 8—1) fohR fy + (% - K) f4fy4)

Based on numerical simulations using the RKKCM method, it is known that the results of this method have better
accuracy compared to the RK-4 Kutta method before modification. In this study only using the Counter Harmonic
Average to modify the RK-4 Kutta Method. Therefore, the researcher suggests that readers can further find new
formulas by using other averages such as (Harmonic, Centroidal, and Geometric).
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